We review highlights of recent results on the hadron spectrum and flavor physics from lattice QCD. We also discuss recent rapid progress on the muon anomalous magnetic moment.
Introduction
Lattice QCD plays a key role in the intensity frontier to search for new physics. Interpretation of experimental measurements within and beyond the Standard Model (SM) requires precise knowledge on the relevant hadronic matrix elements, which describe nonperturbative QCD effects in the underlying processes. Moreover, high statistics data produced at flavor factories brought rich outcome about the hadron spectrum, such as the discoveries of exotic hadrons. Nonperturbative dynamics of QCD characterizes their properties which do not fit into the simple quark model prediction. Lattice QCD is the only known method for ab initio studies of these nonperturbative aspects with systematically improvable uncertainties.
Lattice QCD is a regularization of QCD on a discrete Euclidean space-time lattice. In finite volume, the QCD path integral is reduced into a finite-dimensional integral and can be numerically evaluated by Monte Carlo sampling of gauge field configurations on a computer. Pioneering simulations had been limited to small and coarse lattices with unphysically heavy and degenerate up and down quarks. Such limitations have been gradually lifted by advances in computing power and continuous development of lattice QCD formulations and simulation algorithms. We note that the lattice formulation is not unique: the action has a degree of freedom to add irrelevant terms, which vanish in the limit of zero lattice spacing a → 0, namely the continuum limit. We can exploit this freedom to improve properties of the lattice action and to firmly establish lattice predictions by independent calculations with different actions.
Lattice simulations can straightforwardly study the spectrum and transition amplitude of hadrons which are stable under QCD. The light hadron spectrum, for instance, has been reproduced by simulations on fine and large lattices with light quark masses close to their physical values [1] [2] [3] [4] . While implementation of QED is not straightforward on a finite periodic space-time volume 5 , even the permille-level neutron-proton mass splitting is now reproduced by taking account of electromagnetic (EM) effects and strong isospin breaking due to the up and down quark mass splitting m u − m d 6,7 . The accuracy of simple kaon matrix elements, namely the decay constant, form factors and bag parameters, also attains the percent level or better. Such precision lattice calculation is now being extended to heavy-flavored hadrons, which offer rich probes of new physics.
The study of hadronic decays, however, meets technical difficulties. As suggested by Maiani -Testa theorem 8 , there is no simple relation between the strong decay amplitudes and correlation functions on the Euclidean lattice. Theoretical frameworks are under active development in order to study the K → ππ decay as well as the heavy quarkonia and exotic states, which generally lie above thresholds.
In this article, we review highlights of recent lattice studies on the hadron spectrum and flavor physics. We also briefly discuss recent rapid progress on the muon anomalous magnetic moment, which is a key quantity in the search of new physics. More detailed reviews on these topics can be found in Refs. 9-13.
Hadron spectroscopy
If a hadron H is stable under QCD, it is straightforward to calculated its energy E H on the lattice. We prepare an interpolating field O H with quantum numbers of H, and extract E H from the asymptotic behavior of the two-point function towards the large Euclidean temporal separation t → ∞ 23, 27, 28 . The left-panel of Fig. 1 is a compilation of recent lattice QCD predictions for the doubly-charmed baryon spectra in the isospin limit [14] [15] [16] [17] [18] [19] [20] [21] . These studies employing different lattice actions have led to reasonable agreement around M Ξcc ∼ 3600 MeV, which is systematically higher than the SELEX results but favors recent observation M Ξ While studying unstable particles is more involved, there has been considerable progress in recent years. Let us consider a resonance strongly decaying into two particles A and B. Its mass and width can be determined from the scattering amplitude of A and B, but they are not directly given by the amplitudes of the Euclidean correlation function
Here O AB and O AB represent interpolating fields for the two-particle state AB, and n is the index of the energy levels. However, the spectrum {E AB,1 , E AB,2 , ...} deviates from the non-interacting energy levels due to the AB scattering on the lattice, and hence encodes the scattering amplitude. Lüscher derived a formula to extract the phase shift from the discrete spectrum on the finite volume [29] [30] [31] . Later the HALQCD Collaboration developed another method to study a multi-particle system [32] [33] [34] . By using an interpolating field O AB (t) = O A (x, t)O B (x + r, t), the HALQCD method extracts the Nambu-Bethe-Salpeter wave function of the twoparticle system AB with relative distance |r|, from which the amplitude of the AB scattering can be deduced.
A good application of these methods is rigorous understanding of the resonant ππ and Kπ scatterings directly from QCD. While the original Lüscher formula was limited to a single channel problem for two identical scalar particles in the CM frame, efforts over the past few decades have generalized it to arbitrary two-particle systems also in moving frames [37] [38] [39] [40] [41] [42] . This theoretical development has made rapid stride in the lattice study of the ρ and K * resonances in the isovector channel 9,10,43 . The left panel of Fig. 2 The Lüscher method has been also applied to the isoscalar channel, which is much more challenging than the iso-nonsinglet ones. The relevant two-point function involves the so-called quark-disconnected diagrams (see Fig. 1 It is interesting to observe that σ is a bound state at M π ∼ 390 MeV, but turns into a broad resonance already at ∼ 240 MeV as seen in the right panel of Fig. 2 . The mass and width of σ approach their experimental values 49 , as M π decreases. While a simulation at the physical mass M π,phys is needed to make a direct comparison with experiment, those at unphysical M π 's deepen our understanding of the existence form of the hadrons: how it changes from unphysical to the real worlds.
Extension to heavy hadrons, particularly exotic hadrons discovered at flavor factories, is intriguing but still challenging task of lattice QCD. These hadrons in general have significant branching fraction to states containing three or more particles. Generalization of Lüchser's framework capable of these high multiplicity states is an active area of lattice QCD [50] [51] [52] [53] . It is not unreasonable to hope that such a general framework will become available in the next decade.
There are however good examples that the current methodology can gain insight into the nature of exotic hadrons. One example is a recent study of X(5568) 54 . The D0 Collaboration recently reported a narrow peak (Γ ∼ 22 MeV) in the B s π + invariant mass of their pp collision data 57 , while the later LHCb measurements did not confirm the peak structure 58 . This state, if exists, has an interesting exotic content with four different quark flavorsbsdu. It strongly decays into a two-particle state B s π + and lies significantly below other thresholds. Therefore the Lüscher formula can be applied rather straightforwardly. Lang et al. calculated the finite volume spectrum in Eq. (2) by numerical simulation near M π,phys . The left panel of Fig. 3 compares it with an analytic estimate at M π,phys assuming the existence of X(5568). The energy level corresponding to X(5568) is missing in the simulation data. This disfavors the existence of X(5568) in agreement with the LHCb measurement.
There has also been recent interesting progress for Z + c (3900), another candidate for four quark exotic states. BESIII reported a peak structure slightly above theDD * threshold in the J/ψπ + invariant mass distribution 60 , which was also confirmed in Belle and CLEO-c data 61, 62 . The finite volume spectrum has already been studied 55, 63, 64 . As shown in the right panel of Fig. 3 , any extra energy level corresponding to Z c has not been confirmed suggesting the possibility of the Z c peak of kinematical origin. Recently, the scattering matrix among three states, J/ψ, DD * and ρη c , has been determined at unphysical M π 410 MeV by the HALQCD method 59 . As shown in the left panel of Fig. 4 , it reproduces the Z c peak structure, which however disappears by turning off the strong coupling between J/ψπ and DD * shown in the right panel. This suggests that the Z c peak is a threshold cusp effect due to the opening of theDD * threshold. This interesting observation should be confirmed at M π,phys , since unphysically heavy M π significantly disorders possibly relevant thresholds ψ {2S,1D,3} π. A coupled-channel analysis using the Lüscher formula is also welcome to firmly establish the origin of the Z c peak structure.
Flavor physics
There has been steady progress in precision lattice study of the (semi)leptonic decays and neutral meson mixings. These processes provide determination of relevant Cabibbo-Kobayashi-Maskawa (CKM) matrix elements and a wealth of probes of new physics, such as the fully differential decay distribution. For processes where we can safely ignore the final state interaction, the relevant hadronic matrix elements and hadronic inputs can be straightforwardly calculated from correlation functions on the lattice. For the kaon leptonic decay, for instance, the amplitude Z H of the two-point function (1) of the weak axial current O H = A 4 gives the matrix element 0|A 4 |K(p) = M K f K , which is parametrized by the kaon decay constant f K . Form factors for semileptonic decays and bag parameters for neutral meson mixings can be similarly extracted from tree-point functions. This is rather straightforward procedure, and hence good simulation setup, namely the choice of the lattice formulation and simulation parameters, is a key to perform a high precision calculation.
There have been many independent studies on sufficiently large and fine lattices near M π,phys for the kaon (semi)leptonic decay and mixing. For instance, the current accuracy reaches the sub % level for the K → π form factor and the ratio of the kaon and pion decay constants f K /f π 65 . These hadronic inputs are used to precisely determine |V us | and |V us /V ud | as shown in the left panel of Fig. 5 . Together with |V ud | from the super-allowed nuclear β decays, CKM unitarity in the first row |V ud | 2 + |V us | 2 + |V ub | 2 = 1 is now confirmed at the 0.1 % level 66 . This is one of the most precise unitarity test, and can probe the new physics scale up to ≈ 10 TeV 67,68 . At the impressive accuracy of the hadronic inputs, the uncertainty of the EM and strong isospin breaking corrections to the decay rate is no longer negligible. These corrections have been conventionally estimated in chiral perturbation theory (ChPT) with typical accuracy of 0.2 -0.4 % 73 . It is however difficult to improve the ChPT calculation by extending to higher orders, where many additional unknown low energy constants appear. Lattice QCD calculation of these corrections takes on increasing importance and is being actively pursued 5 . The presence of the infrared divergences complicates the calculation of the EM corrections for the (semi) leptonic decays. Recently, a new strategy was proposed 74 and successfully applied to the leptonic decay rate ratio Γ(K → ν)/Γ(π → ν), which provides the determination of |V us |/|V ud |. As shown in the right panel of Fig. 5 , their preliminary estimate δR Kπ = −0.0137 (13) 70 is in good agreement with the conventional ChPT estimate -0.0112 (21) 71,72 . The lattice estimate is, however, systematically improvable by more realistic simulations, for instance, near M π,phys with higher statistics.
Another thrust of recent lattice efforts in kaon physics is application to more involved processes, such as the K → ππ hadronic decay and rare decays. Similar WSPC Proceedings -9.61in x 6.69in lp17˙kaneko page 8 to the scattering amplitudes discussed in Sec. 2, the K → ππ decay amplitudes are not directly given by the correlation functions on the lattice. Lellouch and Lüscher derived a formula to relate the finite volume matrix elements to the physical amplitudes 75 . This has been successfully implemented in recent works by the RBC/UKQCD Collaborations for the ∆I = 3/2 76 82, 83 . The RBC/UKQCD Collaboration is making continuous efforts, which aim improved statistical accuracy of a factor of two 84 , and better control of leading systematic uncertainties, for instance, due to the operator renormalization 85 . We can therefore hope an improved estimate of re [ / ] in the near future. Note also that a first exploratory study is available both for K → π + − 86 and K → πνν 87 decays. The accuracy of the heavy-light meson decay constants has been significantly improved over the past several years. Figure 6 shows that there have been many independent calculations with systematics under control. The accuracy of the world average quoted by the Flavor Lattice Averaging Group (FLAG) 65 is ≈ 0.6 % for f D (s) and ≈ 2 % for f B (s) . These are well below the current experimental precision 88 , and the isospin correction starts being relevant at this level of accuracy.
The B → π ν and B → D ( * ) ν semileptonic decays provide the conventional determination of the CKM matrix elements |V ub | and |V cb |, respectively. As shown in Fig. 7 , however, there has been a long-standing tension between these exclusive and inclusive decays 88 . While this could be a sign of new physics 89 , we clearly need more thorough theoretical and experimental studies to fully resolve/understand the tension. Lattice QCD plays a crucial role in controlling the dominant theoretical uncertainty arising from the relevant hadronic matrix elements. In the SM, the B → π ν andB → D ν decays proceed only through the weak vector current V µ due to parity symmetry. The matrix element for B → π ν, for instance, is parametrized by two form factors as
where q 2 = (p − p ) 2 is the momentum transfer to the lepton pair ν. For = e, µ, the contribution from the "f 0 term" to the differential decays rate dΓ/dq 2 is suppressed by m [98] [99] [100] are fitted into a model-independent parametrization in terms of z-parameter defined as z(q 2 , topt) = ( t + − q 2 − √ t + − topt)/( t + − q 2 + √ t + − topt). Here t + is the threshold t + = (M B + M π(D) ) 2 and a tunable parameter topt is set to (
) 2 to minimize the maximal value of |z|. We note that lattice data of f 0 are also included into the fits to make use of the kinematical constraint f + (0) = f 0 (0).
|V ub | as a relative normalization factor. The same manner is used to determine |V cb | from B → D ν and can apply to alternative determinations discussed below. We also note that it has been customary to use a model-independent parametrization based on the analyticity of the form factors to describe their q 2 dependence 101 . Figure 8 shows FLAG's analysis using recent lattice results for B → π 90-92 and B → D 93, 94 . While the state-of-the-art calculations start to achieve good accuracy competitive to experiments, the number of such calculations are still rather limited and independent calculations are highly welcome 102, 103 . The analysis of B → D * ν is more involved, since it proceeds also through the weak axial current, and have four form factors. The previous lattice study 104 focused the zero recoil limit, where dΓ/dq 2 is described by a single form factor in
Here is the polarization vector of D * . The conventional determination of |V cb | relies on a parametrization based on heavy quark symmetry to constrain the form factors at non-zero recoils 105 . It is, however, recently argued the possibility that uncertainty due to the parametrization is not fully understood [106] [107] [108] the theoretical accuracy is better for B s → K ν than B → π ν, since having the (heavier) kaon instead of the pion reduces the statistical fluctuation and light quark mass dependence of the form factors. The latter is advantageous to control the chiral extrapolation. Therefore, the most crucial issue for the practical use of these alternative modes is the experimental feasibility of precise measurements of dΓ/dq 2 . Baryon decays also provide the alternative determination of the CKM matrix elements. The first lattice calculation of Λ b → p ν and Λ b → Λ c ν form factors at the physical b quark mass obtained |V ub |/|V cb | shown in Fig. 7 115 . An example of the relevant form factors is shown in the left panels of Fig. 10 . Recently, the first study of Λ c → Λ ν yields |V cs | consistent with those from D meson decays 116 . However baryons are known to be more challenging in controlling systematics, in particular finite volume effects and chiral extrapolation. Since the target accuracy for |V {cb,cs} | is high, more thorough study of systematics is recommended to firmly establish the CKM matrix elements from the baryon decays.
For rare decays, however, such theoretical uncertainty could be well below the experimental one. Reference 117 recently presented the first calculation of all ten form factors for Λ b → Λ . This decay may shed new light on the so-called B → K * anomaly, namely more than 3 σ tension in its angular distribution 119 , since these two decays share the b → s effective weak Hamiltonian. As shown in the right panel of is due to incomplete treatment of the charmonium resonance contribution (B → K * ψ n (→ ll), ψ 1 = J/ψ, ψ 2 = ψ 2S , ...) in the angular analysis. For the neutral B meson mixing, the Fermilab/MILC Collaboration recently published a precise calculation of all matrix elements in and beyond the SM 120 . High statistics, realistic simulation parameters (a and M π ), and a better implementation of the renormalization of four-fermion lattice operators 120,121 led to 2 -3 times improvement in the relevant CKM elements as shown in Fig. 11 . With such high precision, a tantalizing tension with CKM unitarity emerges. We also note that there is a tension in a matrix element beyond the SM with ETM Collaborations' result in N f = 2 QCD 122 . We hope that independent precision calculations will clarify the source of these tensions in the near future.
While generalization of the Lellouch-Luscher framework is actively pursued, it is not yet sufficient to allow lattice simulations of hadronic B or D decays which have various multi-particle final states. However, lattice simulation is now being applied to inclusive decays [124] [125] [126] [127] , which are summed over all possible hadronic final states. For the hadronic τ decays τ → X s ν, for instance, the optical and Cauchy theorems relate a normalized decay rate R s to a contour integral of the weak current correlator over the complex energy variable s
Here, s 0 and w(s) are appropriately chosen parameter and weight function, and J µ represents the relevant weak current. By employing a pole type weight function 
, the integral can be evaluated by the current correlator at space like points s = −Q 2 1 , . . . , −Q 2 N , which can be precisely determined on the lattice. This is RBC/UKQCD's implementation to determine |V us | from the hadronic τ decays 124 . They obtain |V us | = 0.223 -0.225 128, 129 , which is in good agreement with those from the kaon decays shown in the left panel of Fig. 5 .
Inclusive semileptonic B decays are more involved but important application to resolve the discrepancy in |V {ub,cb} | from the exclusive decays 125 . Through the optical theorem, the hadronic part of the inclusive decay amplitude can be related to a forward scattering matrix element
A preliminary analysis for B → X c ν at zero recoil has been reported by Hashimoto et al. in Ref. 130 . Figure 12 compares the matrix element T µν between lattice QCD and the heavy quark expansion (HQE) used in the conventional inclusive determination of |V cb |. They are reasonably consistent in the perturbative region of a kinematical variable ω = M B − q 0 ∼ 0. However, they deviate from each other towards large ω, where the perturbation series is reasonably convergent, but the 1/m b correction has substantial uncertainty due to the choice of the non-perturbative input. Further quantitative test of the HQE and detailed comparison between the inclusive and exclusive determinations on the same lattice may give us a hint to resolve the tension in |V {ub,cb} |.
Muon anomalous magnetic moment
The past several years have witnessed rapid progress in calculating the muon anomalous magnetic moment a µ = (g − 2)/2 on the lattice. This quantity is known to great precision ≈ 0.5 ppm both in the SM [131] [132] [133] and experiment 134 . Their 3 -4 σ deviation may be a signal of new physics. New experiments, E989 at Fermilab 135 and E34 at J-PARC 136 , aim to improve the experimental accuracy by a factor of four. On the theory side, the accuracy is currently limited by hadronic uncertainties coming from the hadronic vacuum polarization (HVP) and hadronic light-by-light (HLbL) contributions shown in Fig. 13 . The former has been most precisely calculated from the dispersive analysis [131] [132] [133] 
where K is a known weight. In pioneering works [144] [145] [146] [147] , the vacuum polarization function Π(Q 2 ) was straightforwardly calculated from the EM current correlator
It was later suggested 148-150 thatΠ(Q 2 ) can be expressed using the correlator G(t) = x J EM µ (x, t)J EM µ (0) with zero spatial momentum, which is less noisy than the right-handed side of (8) . a HVP µ is written as an integral over the Euclidean time
which is often employed in recent lattice studies [151] [152] [153] . We note that the integral (7) receives large contribution from the infrared regime 154-156 employ another strategy, which reconstructsΠ(Q 2 ) in the infrared region by using its derivatives at Q 2 = 0 calculated from time moments
The challenge in the lattice calculation of a HVP µ is to control all uncertainties below 1 % to compete with the current best estimate from the R-ratio. The dominant contribution comes from the connected diagram with the light quark current (2/3)ūγ µ u − (1/2)dγ µ d. It has been calculated in the isospin limit with controlled continuum and chiral extrapolations 147, [151] [152] [153] 156, 157 , whereas finite volume effects are corrected by employing effective field theories or directly examined by simulating multiple volumes. Possible corrections have been studied: strong isospin breaking 153, 158 , EM correction 153, 159 , disconnected diagrams ( Fig. 13 (a-1) ) 151, 152, 155, 160 , strange and charm quark contributions 151, 152, 154, 159, 161 . It is confirmed that bottom quarks have small effects 162 . Thanks to these substantial efforts, the current lattice accuracy for a HVP µ has reached a few % level as summarized in Fig. 14 a . Currently, a largest uncertainty is the statistical fluctuation, though G(t) is less noisy compared to the multi-particle correlators discussed in Sec. 2 and three-and four-point functions in Sec. 3. A better control in the infrared region, namely small Q 2 and large t, is a crucial issue towards a more precise determination and is being actively studied 151, 156, [163] [164] [165] [166] . Another interesting possibly is to combine G(t) on the lattice and experimental R-ratio data. The time integral (9) is decomposed into a (9) between lattice and experimental data (Fig. 14) , and led to a most precise estimate a HVP µ = 692.5(2.7) × 10 −10 . Simulating finer lattices and better control of the statistical accuracy can expand the intermediate t window, and will eventually lead to a pure theoretical estimate of a HVP µ with reduced uncertainty.
There has also been remarkable progress in the lattice calculation of a HLbL µ
. Theoretical calculation thereof is challenging, because the relevant four-point function of J EM µ involves many connected and disconnected diagrams. There have recently been two approaches to calculate presumably dominant contributions. Reference 167 focuses on the connected and leading disconnected diagrams which survive in the SU(3) limit ( Fig. 13 (b-1) ). With algorithmic improvements 168 , they obtain statistically significant estimate a . While the quote errors are statistical only, the reasonable agreement between the different approaches is encouraging and motivates more realistic simulations and surveys of systematics, particularly finite volume effects due to massless photons on the lattice 170 .
Conclusions
In this review, we have presented highlights of recent progress on hadron spectrum and flavor physics from lattice QCD. Masses and transition amplitudes can be straightforwardly calculated from lattice correlation functions for hadrons stable under QCD. Recent realistic simulations can yield deep insight into the nature of yet-unestablished states as in the case of Ξ cc . Decay constants, kaon semileptonic form factors and bag parameters are now calculated with fully controlled uncertainties, and lie at the precision frontier of lattice QCD, where isospin corrections are being studied. The number of the precision calculations is currently rather limited for heavy hadron form factors and bag parameters. However, we can expect more independent calculations in the next few years. Lattice QCD is now ready to study coupled-channel two-body scatterings. This leads to recent interesting progress on light resonances, σ, κ, ρ and K * as well as heavy exotics such as X(5568) and Z c (3900). These studies are however often limited to unphysically heavy pion masses, which significantly raise thresholds including pions and may turn resonances into bound-states. While such studies deepen our understanding of the existence form of the hadrons, simulating the physical pion mass is recommended in order to make a direct comparison with experiment.
There has been continuous progress on K → ππ leading to slight tension with experiment, which is of great phenomenological interest. General framework to deal with three-particle states is necessary for hadronic B and D decays and un-der active development. However, it was proposed that inclusive decays can be straightforwardly studied without such framework. This may offer useful hints to resolve long-standing tension in |V ub | and |V cb | between the exclusive and inclusive determinations.
